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Abstract
The internal rotation of lowmass stars all along their evolution is of primary interest when studying their rotational dynamics,
internal mixing and magnetic fields generation. In this context, helio- and asteroseismology probe angular velocity gradients
deep within solar type stars. Still the rotation of the close center of such stars on the main sequence is hardly detectable and
the dynamical interactions of the radiative core with the surface convective envelope is not well understood. Among them, the
influence of the differential rotation profile sustained by convection and applied as a boundary condition to the radiation zone
may be very important leading to the formation of tachoclines. In the solar convective region, the equator is rotating faster
than the pole while numerical simulations predict either a solar or an anti-solar rotation in other low mass stars envelopes
depending on their convective Rossby number. In this work, we therefore build for the first time 2D steady hydrodynamical
models of low mass stars radiation zone providing a full 2D description of their dynamics and studying the influence of a
general shear boundary condition accounting for a solar or an anti-solar differential rotation in the convective envelope. We
compute coherently differential rotation and the associated meridional circulation using the Boussinesq approximation.
1 Introduction
It has long been known that rotation plays a central
role in the dynamical and chemical evolution of stars
(Maeder & Meynet (2000), Maeder et al. (2009)). Through
the rotationnal mixing driven by the differential rotation,
the meridional circulation and the turbulence it sustains,
chemical elements and angular momentum are transported
through the radiation zones of stars (e.g. Zahn (1992),
Maeder & Zahn (1998), Mathis & Zahn (2004), Rieutord
(2006), Espinosa Lara & Rieutord (2007)) in a way that needs
to be precisely characterized and modeled.
Indeed, helioseismology provides the internal rotation
profile deep within the Sun (until 0.2R⊙) where the radi-
ation zone has a quasi solid rotation under the tachocline
(Couvidat et al. (2003), García et al. (2007)) which 1D rotat-
ing stellar models fail to reproduce (Charbonnel & Talon
(2005), Turck-Chièze et al. (2010)). One reason probably lies
in the need for other physical mechanisms such as inter-
nal gravity waves (Zahn et al. (1997), Charbonnel & Talon
(2005)) or an internal magnetic field (Gough & McIntyre
(1998), Spruit (1999)) or/and in the multidimensional nature
of the differential rotation and of the meridional circulation
(Rieutord, 2006). Moreover, one wants to go beyond the slow
rotation hypothesis underlying the 1D modeling of rotating
stellar radiation zones to properly describe the dynamics oc-
curing during the early stages of the evolution of stars dur-
ing which they are rapidly rotating (Gallet & Bouvier (2013),
Gallet & Bouvier (2015)). To tackle this issue, we build a 2D
numerical model of a fast rotating sphere representing such
a radiative core at the top of which we impose a latitudi-
nal shear so as to reproduce the conical differential rotation
applied by the convective zone.
Numerical simulations (Matt et al. (2011), Käpylä et al.
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Figure 1: Sketch of a radiative core (yellow region) upon
which lies a differentially rotating convective envelope (or-
ange region); Rc is the radius of the radiative core. At the
interface r = Rc, the rotation rate is imposed: Ωcz(r =
Rc, θ) = Ω0 + ∆Ωsin
2 θ where Ω0 is the rotation rate of
the pole of the radiative core, i.e. Ω0 = Ω(r = Rc, θ = 0).
The equator rotates faster than the pole when ∆Ω > 0 and
slower than the pole when∆Ω < 0.
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Figure 2: Squared Brunt-Väisälä frequency from a 1D 1M⊙
MESA model near the ZAMS (with Z = 0.02, αMLT = 2).
(2014), Gastine et al. (2014), Varela et al. (2016)) reveal that
the differential rotation of the convective envelope of low
mass stars may be solar (with slow pole and fast equato-
rial regions) or anti-solar (with fast pole and slow equa-
tor) depending on the value of the convective Rossby num-
ber, which quantifies the ratio of the rotation period and of
the convective turnover time (a small Rossby number corre-
sponds to the rapidly rotating regime; see e.g. Brun et al.
(2015)). We propose to perform a systematic parameter
study over the boundary condition describing the convec-
tive differential rotation applied at the top of the radiation
core between the pole and the equator. We provide a full
2D description of the differential rotation and the associ-
ated meridional circulation computed self-consistently using
the Boussinesq approximation. Since previous 2D modelings
(Friedlander (1976), Garaud (2002)) are limited to the solar
case, this setting lays a first important step for the next gen-
eration of rotating models of low mass stars in 2D.
2 Description of the model
2.1 Scaled equations of the dynamics
We consider a viscous fluid enclosed within a spherical
shell, see Fig. 1, and aim to describe the velocity field and the
temperature field resulting from the combined action stable
stratification and rotation. The core is rotating and we as-
sume that it is not deformed, meaning that the effects of the
centrifugal acceleration are neglected. We focus on the case
of fast rotation, which leads to the damping of the baroclinic
modes on a time scale shorter than in the slow rotation case
(Busse, 1981). It allows us to describe the steady state which
arises from this configuration and which is the solution of
the system of equations (6) from Rieutord (2006) (hereafter
R06) in the Boussinesq approximation, which reads


~∇× (~ez ∧ ~u− θT~r − E∆~u) = −n2(r) sin θ cos θ~eϕ ,(
n2(r)
r
)
ur =
E
Pr
∆θT ,
~∇ · ~u = 0 ,
(1)
where ~ez is the axis of rotation of the fluid, ~u is the scaled ve-
locity field using the baroclinic scale V =
Ω0N
2R2
c
2gS
from R06
where N 2 = αT⋆gS/Rc is the scale of the squared Brunt-
Väisälä frequency profile, α is the fluid dilation coefficient
and gS is the surface gravity. The dimensionless temperature
field θT is scaled using
Ω2
0
Rc
gS
T⋆ as a temperature scale with
T⋆ an arbitrary stellar temperature scale. In the same way,
the scaled squared Brunt-Väisälä frequency profile n2(r) us-
ing is scaled N 2. We choose to work within the corotating
frame with the pole of the shell rotating at the rate Ω0. The
first equation is known as the vorticity equation. Its first
term is the Coriolis acceleration, the second one is the buoy-
ancy force, the third one the viscous force and on the right
hand side is the baroclinic torque arising in stably stratified
fluid. The second equation is the energy equation where the
heat advection balances its diffusion and where we do not
take into account as a first step any nuclear heating. The last
equation is the continuity equation when using the Boussi-
nesq approximation.
The dimensionless numbers that characterize such a sys-
tem are:
• The Ekman number E =
ν
2Ω0R2c
.
It quantifies the importance of the kinematic viscosity
ν over the Coriolis effects where Rc is the radius of
the radiative core. Using realistic values from ZAMS
1D MESA stellar models (Paxton et al. (2010)) for the
microscopic viscosity and the radius Rc, we show that
in the solar case (M = 1M⊙, Z = 0.02, αMLT = 2),
the Ekman number is around ∼ 10−11 − 10−13. This
value is very small and numerical simulations cannot
reach it. We therefore study the case E = 10−6, which
still describes qualitatively the physical behavior of the
solution (the asymptotic regime is reached).
• The Prandtl number Pr =
ν
κ
.
This number is the ratio of the viscosity to the thermal
diffusivity. We use the solar value Pr = 2.10−6 (see
e.g. Ruediger et al. (2014)) for our simulations.
2.2 Dynamical boundary conditions
We impose a shear at the surface r = Rc in order to ac-
count for a differentially rotating convective zone lying at
the top of the radiation core such as
Ωcz(r = Rc, θ) = Ω0 +∆Ωsin
2 θ , (2)
which is the simplest expression that simulations of the dy-
namics of stellar convective envelopes inspire (Matt et al.
(2011), Käpylä et al. (2014), Gastine et al. (2014)). When us-
ing dimensionless quantities in the corotating framewith the
pole of the radiation core, the azimuthal velocity reads
uϕ(r = 1, θ) = b sin
3 θ . (3)
2 Zenodo, 2016
The 19th Cambridge Workshop on Cool Stars, Stellar Systems, and the Sun
Figure 3: Differential rotation δΩ shown in the meridional plane for E = 10−6, Pr = 2.10−6 when using the Boussinesq
approximation for b = {−10, 10−2, 10} (from left to the right). The stellar rotation axis is along the vertical.
Figure 4: Meridional circulation stream function ψ (red : direct sens, blue: clockwise sens) shown in the meridional plane for
E = 10−6, Pr = 2.10−6 when using the Boussinesq approximation for b = {−10, 10−2, 10} (from left to the right). The
stellar rotation axis is along the vertical.
The dimensionless number b = Rc∆Ω
V
= 1
Ro
∆Ω
2Ω0
quantifies
the shear at the top of the radiation core. Differential ro-
tation is solar-like when the equatorial regions rotate faster
than the pole (b > 0) and anti-solar otherwise (b < 0). The
Rossby number has been written Ro = V2Ω0Rc and quanti-
fies the amplitude of the non-linearity of the system. This
number is always less than 10−2 in the solar radiation core
and therefore allows to focus on the linear case as long as
b < 102.
The meridional components of the velocity fields are set
to zero at the upper boundary r = Rc since the convection
envelope applies stresses at the top of the radiative core and
act as a non-penetrative condition. At the center of the core
(r = 0), the azimuthal velocity, the radial velocity, its first
radial derivative and the first radial derivative of the tem-
perature perturbation are set to zero.
In the next section, we perform a systematic parameter
study over the shear parameter b.
3 Numerical results
We use a spectral method to solve numerically the set
of Eqs. (1). On the horizontal directions, the solu-
tion is described by vectorial spherical harmonics on the
(~Rml ,
~Sml ,
~Tml ) basis (Rieutord, 1987) where
~Rml = Y
m
l (θ, ϕ)~er, ~S
m
l = ~∇HY
m
l , ~T
m
l = ~∇H∧~R
m
l .
(4)
Y ml are the normalized spherical harmonics, functions of co-
latitude and azimuth (θ,ϕ), ~er is the unit radial vector and the
horizontal gradient ~∇H = ∂θ ~eθ+
1
sin θ∂ϕ ~eϕ is defined on the
unity sphere.
Radially, the solution is projected on Chebyshev polyno-
mials on a Gauss-Lobatto grid (e.g. Canuto et al. (2006)).
This grid has more points on the edge allowing a good de-
scription of the boundary layer at the top of the domain.
We here use a profile from a ZAMS1 1M⊙ 1DMESAmodel
(with Z = 0.02, αMLT = 2) for interpolating the Brunt-
Väisälä frequency profile on the Gauss-Lobatto grid. We
show this profile within the radiation zone of the model on
Fig. 2. Changing the mass considered within the range of
low mass stars (0.5− 1.1M⊙) does not affect the behavior of
the solutions presented next.
1We use the stopping condition stop_near_zams of the MESA code to
produce this model (http://mesa.sourceforge.net).
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On Fig. 3, we compute and show the resulting differ-
ential rotation δΩ relative to the pole rotation for b =
{−10, 10−2, 10}. The extremum value normalizes the field
in each case. When |b| ≤ 10−2, the solution is the baro-
clinic solution described by R06. The shear is too weak
to be felt. This solution is called the thermal wind with a
roughly shellular differential rotation close to the equator.
When |b| > 10−2, the amplitude of the geostrophic flow aris-
ing from the shear applied at the upper boundary is larger
than the baroclinic solution and the Taylor-Proudman bal-
ance tends to be restored (quasi columnar structure). Indeed,
the azimuthal velocity at the equator has an O(b) ampli-
tude when we subtract the baroclinic solution and we show
numerically that the baroclinic solution is overcomed for
|b| > 10−2. The associated differential rotation thus tends
towards a cylindrical profile.
On Fig. 4, the meridional circulation is computed for
b = {−10, 10−2, 10}. When the baroclinic solution dom-
inates, the number of cells of the meridional circulation is
equal to the number of inflection points of the Brunt-Väisälä
frequency profile plus one, here two. The rotation aligns the
cells with the cylindrical z-direction (i.e. along the axis of
rotation). When |b| > 10−2, the dynamics is dominated by
the geostrophic flow arising from the shear and the merid-
ional circulation is dominated by a single, global circulation
cell in each hemisphere. For b positive (solar-like differential
rotation), the meridional circulation is counterclockwise and
clockwise for negative b. At the radiation/convection inter-
face, the fluid moves toward the pole which rotates slower
than the equator (for b > 0 and vice-versa for b < 0).
4 Discussion and perspectives
In this work, we propose a first 2D description of the dy-
namics of fast rotating radiative cores of low mass stars un-
dergoing the shear induced by the differential rotation of the
convective envelope at its upper boundary.
This simple Boussinesq model shows the necessity to re-
sort to a 2D approach. Indeed, the arising flow from the
shear is cylindrical, which must be described using a large
number of spherical harmonics. Such a setting also permits
to take into account the Brunt-Väisälä frequency from se-
lected evolutionary stages and stellar masses allowing the
exploration of the HR diagram in 2D.
In the solar case, the shear is evaluated close to b⊙ ≃ 10.
Therefore, the third plot of Fig. 3 exhibits the best fast
rotating solar model we may provide within the current
setting. We compute a core to surface rotation rate ratio
lower than 1which is in agreement with what Benomar et al.
(2015) deduced from observations. But it also tells us to
expect the differential rotation to be cylindrical until half
of the radiative core depth with a fast equatorial region.
If we compare to the actual solar rotation profile, this
calls for other physical processes responsible for transport
of angular momentum deep within the internal regions,
which is not taken into account in the present setting. In-
ternal gravity waves (Zahn et al., 1997), anisotropic turbu-
lence (Zahn (1992), Maeder (2003), Mathis & Zahn (2004))
and magnetic fields (Gough & McIntyre (1998), Spruit (1999),
Strugarek et al. (2011), Acevedo-Arreguin et al. (2013)) are
the best candidates and will be introduced in our 2D model
in future works.
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